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THE GENERAL CASE OF LIAPUNOV'S PERIODIC MOTIONS OF A HEAVY SOLID BODY
WITH A SINGLE FIXED POINT”

M.A. MARINBAKH

Geometric interpretation is given for a class of periodic motions of a dynamically
unsymmetric heavy solid body, which exist according to Liapunov's theorem on the
holomorphic integral close to permanent rotations. Orientation and the ratio of
semiaxes of ellipses of small oscillations (first approximation trajectories) with
respect to the Staude curve of permanent rotations are investigated.

The case when the center of mass of a solid body lies on the principal axis of its ellip-
soid of inertia is analytically considered besides a number of singularities of the general
case. Investigation of the latter is supplemented by results obtained on a computer for the
characteristic example which is of considerable interest because of the complexity construct-
ing the Staude curve. The analysis enabled us to elucidate the properties of Liapunov's per-
iodic motions and their first approximation which differ from the previously obtained /1,2/.

1. The motion of a solid body with a fixed point (suspended solid particle) under the
action of gravity is defined by the Euler—Poisson equations which, after linearization near
permanent rotation (relative to the equilibrium position), are of the form

LE = (I — I3) (085 + 038s) + Va3 — Vg (L.1)
Vi = 03y — 09v5 + E5v, — Eavs (123)

vhere g; are coordinates of the body center of mass multiplied by its weight, I; are moments
of inertia, w;, yi are components of vectors of angular velocity o and of the vertical ¢y
(which defines permanent rotation), respectively in the system of coordinates attached to the
principal axes of the ellipsoid of inertia with §&;, v; their respective variations, i =1,2,3,
and the symbol (123) indicating omitted equations (or terms of a sum) that are obtained by
cyclic permutation of indices.

Complete equations of motion imply that ®; and ¥; are connected by the relations

Y1 = oo, (Iy — Is) @®P¥s = V18 — V283 (123 (1.2)
so that the permanent rotations £fill the Staude curve (K), i.e. that part of the intersection

of cone

D (I —Iy) g1vays =0 (1.3)

(123)
with the unit sphere

D =1 (1.4)
{123)

where ®? > 0.
In the permanent rotation neighborhood the small oscillation trajectories
v = ¢ (u cos @t 4 v sin Q1) (1.5)
are ellipses with principal directions
u=1ucosg -+ vising, v=—using + v cos¢
provided that angle ¢ has been chosen so that the scalar product (u, V)= 0. Here u + iv' is

the coordinate component of the eigenvector of system (1l.1) with pure imaginary eigenvalue
A= —iQ.
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Liapunov's periodic motions of a heavy solid body 599

When point (1.2) moves on K, two quantities that completely define the shape and orient-
ation of ellipses lying in the plane tangent to sphere (1.4) change at point (1.2). These
quantities are the ratio of semiaxes f = v/u and the angle 8 = arccos[(u, z)/(uz)] between vector
u and the normal z to cone (1.3) with components

zy = (I — I}) g3v2 + (s — 1)) &a¥s (12 3)

For the determination of 6 and f (as functions of a point on K) it is, thus, necessary
and sufficient to know at every point the pair u, v,

Statement 1. Vectors u and v are of the form

u=[Rcosp + Ssing, yl, v=I[—Rsing + Scos g, y (1.6)
- (B, 5) — (R, %) (S, v)
820 =2 5,77
= (Rli R‘h RS)’ S = (Slv S21 S3)

By== — g,vz — (0202 — 294%) +
I,giv y (2Y2 — 0305) —~ Aw (fll(lzﬂs Z 01Y12)
T2
Ry == T — gﬂ’z {aldz — 275%) + 2wPy1vevs?

Rs = leaI ((11(1.3 — 2?22) — 2(0’?1‘?2 Vs

1O 80 N1¥s _ Es0aViVe

lSl = =1 I, —1, 27@?1?2?3

iSq= SiUViY¥s _ __ Es (as\’s’ . az?zz) + (l)zYa ((11(12(13 _ Z 04?1’)
-1, -1

(123)

12 (“aYs — QoYe?) — 027y (alazas (12”) 0-1'\’12)

. 510 V1Ve
iSy= g ey +
ALy

U= Sh—T)

(123

Proaf. Expressing § in terms of v; in the first three equations of system (1.1), for
the determination of eigenvectors we have

Eu = 671 (o0a — /%) + Lo (Pr¥e — %s¥s) +
Cs (Viys — Ga¥2)l (123
L = (vagy — vogq) (1, — 1)) &) 123
8= 2717275 + witay — X o1
23

From the fourth equation of the system we obtain (u’ + iv’, R + iS) =0, where R and S are
defined by formulas (1.6), and from the last three equations we have (u' +iv', 9} =0. It is

consequently possible to assume u’ 4+ iv' = [R + iS, ¥]. Finally, angle ¢ in formula (1.6) is
determined by formula

tg 20 =2 (v, v') (u?— v (1.7)
which ensures the fulfillment of condition (u, v) =90.

Remark., Since angle ¢ is determined with an accuracy to /2, the directions of u, v
are accurate within the substitution (&) v, (F) u.

2. 1If the parameters of the body are free of constraints, the dependence of functions
0 and f onthepoint position of curve Kis complex (see Sects.3 and 4 below). However the
picture is sometimes simplified.

Statement 2. If the body center of mass is on the principal axis, vectors u and VvV are
directed along the normal and the tangent to the Staude curve, respectively, i.e. 0=0.

In fact, curve K decomposes into two coordinate semicircles. The motion trajectories
prove to be symmetric relative to the planes of these semicircles u||z, v|z, hence 6=0,
which is also implied by the general formulas (1.6). Statement 2 also holds when the body
center of mass is in the equatorial plane (for admissible points on the coordinate semicircle),
as well as in the case of dynamic symmetry investigated in /4/.
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Thus, when the body center of mass lies on the principal axis, it is necessary to analyze
the behavior of function f. Let for definiteness g, =gy =0<g, Iy=mly, I, = nl;. Permanent
rotations fill semicircles v, =0,y >0 when m>1(y, =0, 3, <0 , when m<<1), y=0, v,>0
when m>n(y3 =0, v, <0, when m <Cn), and the isolated points ¥y, = £1. Let us restrict the
investigation to the case of %, =0, assuming that no constraints are imposed on m and n ex-
cept the triangle inequality

mt+n>1 n—1<m<n+1 (2.1)

From formulas for u and v follow two equivalent expressions for f

v — | imr =Dyl tmm—n—Ny? | Sy _mA(r—1) v —m (m—n)y?
f__]/l('l—m)‘ lmn+(n—1;Y32——m(n—-1)Y1‘°‘ \ =Via m)l m(m—i)l—"(:n“ﬂ(m%’-l-vlaz) (2.2)

L= Mplgt = (=P + VPT—40)/2
P=12mn—m—n+1+92m—1)m*—2mn—m —n+1)] [(m — 1) mnl?
Q = (n — 1) v 1=3v" (m — D] {(m — 1) mn]

The discriminant P2 — 4Q is a total square in y,®> only when m =2 and m -+ n=14. When

m=21<<n3
ST b=~y b= (n— 1) @=3ps2)/2n

fi=1vs |, f2 = [n 3y — 2)/2 (n — )]
When m + n =1 (i.e. in the case of a flate plate)

L = vafn, L, = (1 + 3ny,Yin
fh=2nlys l/m, fy =" (1 -+ 3np)¥

When m -+ n%1, then in conformity with (2.2), as y, -0
hi=1+"m—=0mE—m —3Fn—0(m+n—1)" 72+ 0 @Y
— [nim—1) % m(m—1) (m — 2)
h=[reeh]" +[2omher
2
+ l‘__;"il_] ¥12+ 0 (114
and when v -0 and n#(m— 1)¥ 2m — 3)

=l oGy

(n— 1) Bm —4) 75°
[(m——1)2—n(2m...§)]m + O(¥vs?)

lz:

h=lm—10n—Cm -3/ (n —m + 1) + 0 (1) (2.3)
o= —m+1)I[Bm —4 A —m{m(n—1)Um—17? —n@m =3} |ys | + O (v

Functions f;¢(ys) are of a form similar to that in /4/, and are in the main determined by
the values

01,0 -
f125 ——3?12 when v1=0 and
af 9f
f1,2 a—y;;, —31?_: when 7y3=0
. of
The signs plus and minus in Fig.l indicate subregions of region (2.1) insidewhich 0%12 7o

retains positive and negative values, respectively. The curve in Fig.l, where this
expression is zero, is defined by the equation n = (m? — 3)/(m — 3), with the expansion of f; —1
close to ¥, =0 beginning with terms of order v:*. The similar curve for f, is defined by

the equation
n=(m—1) (m®*—3m —1)/(m*—m -+ 1)

Close to yy =0 the expansions of f,,, are defined by formulas (2.3). However on curve
n = (m — 1)¥(2m — 3) the proportionality coefficient in the relation f, ~ |v;| becomes infinite,
and we then have

l=const-|yy | +0(ys) and fo = conste | yg [1r4-0 (]| y;s [').
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3. Let us consider the general case in which the Staude curve K consists of four con-
nected compenents adjoining the sphere poles where y;, = 4+ 4 and when it is possible to assume
without loss of generality g, >0 (123), I, I, (123) . These components are shown in Fig.2 by
heavy lines on the unit sphere of directional cosines (the remaining notation is explained
below) .

At bifurcation points these components separate into sections with changed degree of in-
stability /5/ of permanent rotations and those with unchanged number of sets of ellipses. Note
alsoc that on sections of curves adjacent to the poles corresponding to the semimean axis of the
body ellipscid of inertia, there exists one set, while on the semiminor and semimajor axes
there are two.

Statement 3, As point (1.2) approaches along K the pole 6 —0 (or +n), one set of
ellipses is transformed into a circle, and for the second, if it exists,

fz —)'[Ii+11i+2 (Iz - "i+1)>l (11 - 1!+2)-“]lh

Indeed, let us assume for definiteness i==1, i.e. y, —1, then retaining texms of the
highest order in expressions for coefficients of the characteristic equation AAL 4 PA2 4+ Q) =
0, we obtain

P=a'[t + (I, — 1) (I, —T) [,7Y], Q=ot({, — 1) X (I, — 1) 1,7
from which

A= —0? <0, AP = —0 (I, — I,) (I — I) Iyt

If the first axis corresponds to the semimajor or semiminor axis of the ellipsoid of in-
ertia, then A,2<{0. From (1.6) we have

R = (—hAad, 0,0), iS=(0,88Is— 1), ged (I, — 1))
d = a;* (a*ag* — 1), o,* = limy, 0, << (123)
z2=0,g(Is — L), & (I; — I))

hence
v =u= (0, hoysd,~ ropd)lz, v=v = (0, —o¥p,d, — o¥d |z
==, h=t o= s (hi— L (h— L

Q.E.D.

Statement 4. as the point of the degree of instability change with zero characteristic
rootis approached, the ellipses contract to a segment directed along the tangent to K (i.e.

O»Jw&f»w
Indeed, when A==0a,=0 (123), S=0, in conformity with (1.6)
_;'R = (gaVaVs* (I1 —Ta)™ + go¥2™s Ta— L) — gaviva® Iy — 1a)Y,  — ganiva® Us — T0) )

Then Rilz,u=[R,y]1 1 z,v=0, and, con-

sequently, 0 z(i)n/2) f=0. Another type of
change of the degree of instability, when the
discriminant P? — 4Q changes its sign and
P00 , is also possible. Twc sets of ellipses
with common initial values of 0 and f then ap-
pear, as of instance in the case of I, =1,

ele<<1 /4/.

Statement 5. Functions 6 and f become
discontinuous at points where u'? — v'® vanishes.
The increment of 0 is then equal a/2 or 3a/2,
and f changes to 1/f.

Proof. Let at the limit ut— v =0.
Formula (1.7) implies that when (w', v)s£0,

Fig,1l
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the limit values ahead and behind the discontinuity point are
= —v)yY¥Y2 v_.=@ + v)¥y2 u=v_,v,=—u and
ment of angle 0 is consequently A6 = m/2 or
v |/ju — v | = 1/f,. When (', v))=20
through the value

f=1

and to another jump of 6,

¢ changes to

M.A. Marinbakh

then u=vw, v=v, u=v=1, f=1. At the passage
¢ + n/2 which leads to the change of wu, v to =4V, Fu

o_ = —n/4, @, = n/4k, hence
(u, ) = (@W?—v?%2 =0, The incre-
3n/2 (z changes continuously), and fo=lu +

of f

4. A complete analytical investigation of the behavior of functions O and f on K pres-

ents considerable difficulties.
I,=4,13=3,g, =1, 8 =001, gg=0.02 .

These functions were investigated numerically for
For a similar set of parameters the Staude curve has

I, =6,

the largest sequence of sections with unchanged degree of instability.

Results of this investigation are shown in Figs.2 and 3.
presents arcs of curve K, each of which constains one set of ellipses (and Liapunov periodic
Points on these arcs are of the saddle type for the reduced potential

Shading /in Fig.2/ denotes arcs with two sets of ellipses

motions).

stable in the first approximation.
(and Liapunov periodic motion, when the nonresonance conditions
These are points of minimum or maximum of V . In case
the last condition may be disregarded according to the theorem
Properties of critical points V on K are obtained in accordance with /3,7/.

are satisfied).

(shading lines directed downward)

in /6/.

In Fig.2 the dash-dot line re-
V, and un-

M = shy, where s is an integer,
of minimum of V¥V

The dependence of [ and 8 on p which parametrizes curve K /8/

is shown in Fig.3,a and b.

The solid and dash curves correspond to two different values of A; and A,
0 is chosen so that 8> 0 when the three vectors wu,z,y are right-handed. The

1
N=F T —p

81

2
Az, ot=Y Tl

(123)

The sign of

symbols

I, +,1, , etc. in Fig.2 denote limit values of p that correspond to the ends of admissible

]
Fia

5 ITFT X <5

0 il \ L/ H
)

AL I

Bl iy Rulishis 4 *

Fig.3

arcs and, also, to the points of change of the
degree of instability g, ..., Ms, which are
stationary for the integral of moment /5/

_ I

123) (123)

The dependence of Jand M/, on p are
shown in Fig.3,c by the continuous and dash
lines, respectively.

The analysis of data shown in Fig.3 enabl-
es us to reach the following conclusions.

Functions 0 and f are different for dif-
ferent frequencies at one and the same point.

Functions 0 and f do not always vary mono-
tonically and continuously. Their behavior con-
forms to Statements 3—5 and the remark. Hence,
for instance f-so00 as W —>U;, M4, B5, Or g

The increment of 6 on each arc is bounded
by the quantity 3rn and, briefly by =n/2 on all
arcs, except arc (I, 4o00).

Functions f and MJ/As are continuous when p = I;.

Resonance points converge at points p, and

ps (see Fig.3,c).

The degree of instability varies along K
in dependence of the properties of V, and is
denoted in Fig.3,c by the numerals (0), (1),
and (2).

The author thanks V.V. Rumiantsev. V.G.
Demin, and la.V., Tatarinov for useful remarks.
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